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Abstract — The binary quadratic equation represented by the
negative pellian y2 =7x?—12is analyzed for its distinct

integer solutions. A few interesting relations among the solutions
are given. Further, employing the solutions of the above
hyperbola, we have obtained solutions of other choices of
hyperbolas, parabolas and special Pythagorean triangle.
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1. INTRODUCTION

Diophantine equation of the form y2 = Dx? +1,where D is

a given positive square-free integer is known as Pell equation
and is one of the oldest Diophantine equation that has
interesting mathematicians all over the world, since antiquity,
J.L. Lagrange proved that the positive Pell equation

y? = Dx? +1 has infinitely many distinct integer solutions

whereas the negative Pell equation y2 = Dx? —1 does not

always have a solution. In [1] an elementary proof of a
criterium for the solvability of the Pell equation

X — Dy2 = —lwhere D is any positive non-square integer
has been presented. For examples the equations
y? =3x*> -1,y =7x* —4 have no integer solutions
whereas y° =65x” —1, y? =202x* —1 have integer
solutions. In this context, one may refer [2-17]. More

specifically, one may refer “The on-line Encyclopedia of
integersequences” (A031396, A130226, A031398) for values

of D for which the negative Pell equation y* = Dx* —1 is
solvable or not. In this communication, the negative Pell
equation given hy y2=7x2 —12 is considered and

infinitely many integer solutions are obtained. A few
interesting relations among the solutions are presented.
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2. METHOD OF ANALYSIS

The negative Pell equation representing hyperbola under
consideration is

y? =7x°-12 (1)
Whose smallest positive integer solution X, =2,y, =4

To obtain the other solutions of (1), consider the Pell equation
y? = 7x* +1 whose solution is given by

7, =2 1, %, =—=g
n 2 n? n 2»\/7 n
Where,

f,=(8+3v7) " +(8-3v7)"
g, =(B8+3v7)" -(8-3v7)"

Applying Brahamagupta Lemma between (XO, Yo )and
(Yn YA ) the other integer solutions of (1) are given by

ﬁxnﬂ = ﬁfn +2gn
yn+1 = 2fn +ﬁgn

The recurrence relations satisfied by the solutions X & Yy are
given by

Xn3 —16X ., + X, 4 =0,

n+3 n+2

Ynis _16yn+2 T Ynu = O; n= 0,1,2,3 .....
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Some numerical examples of X & Y satisfying (1) are given
in the Table 1 below

Table 1: Examples

X, Yo
2 4
28 74
446 1180
7108 18806
113282 299716

From the above table, we observe some interesting relations among
the solutions which are presented below

1. Both X, &Y, valuesare even.

2. Each of the following expressions is a nasty number:

9
”Q

9
g

T4X,,., —4X,,., +36
3
295%,,,5 — Xon.4 +144
12
49X2n+2 —Yonis t 24
2
3122X%,,,5 —4Y,n.q +1524
127
TXoni3 =37 Yo, +48
4

196X, ,, — 74y, +12
1561X,,,5 —37Y,,., +48

4

14x,, ., —1180y, ., +1524
127

98X5n44 —990Y,,,5 +48
4

3122x,,,, —1180y,, ., +12
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1180X,, ., — 74X,,,, +36
3

2y2n+3 B 28y2r1+2 +36
3

Yoz — 223yn+1 +288
24

28Y,,,4 —446Y,,,, +36
3

3. Each of the following expressions is a cubical integer:

0
o

0
o

@ 3[37X3n+3 - 2X3n+4 + 3(37Xn+1 - 2Xn+2 ]
® 5184[295X3n+3 — Xanes + 3(295Xn+1 ~ Xnis )]
* 144[49X3n+3 ~ Yana T 3(49Xn+1 ~ Y2 )]

+  145161[1561X 30,5 — 2Yans5 + 3156141 — 23]

R 576[7 Xania — 37 Yanis T 3(7 Xns2 — 37yn+1 )]
K 9[98X3n+4 —-37 Yanea T 3(98Xn+2 - 37yn+2 )]
% 576[1561x,,,, —37Ya,.s +3(1561x,,, —37Y,.5 )]

«  145161]7x,,., —590y, , +3(7x, ., —590y, ;)]

X3

¢

576[98X3n+5 —590 Yania + 3(98Xn+3 —590 Yni2 )]

g

9[1561y,,s —590Y5,5 +3(1561,,5 —590Y,,,; )]

2

*

X3

¢

3[590)(3n+4 - 37 Xanss + 3(590)(n+2 - 37Xn+3 )]

9,
o

3[y3n+4 - 14y3n+3 + 3(yn+2 - l4yn+l )]
< 20736[y3n+5 - 223y3n+3 + 3(yn+3 - 223yn+1 )]

.

3[14y3n+5 - 223y3n+4 + 3(l4yn+3 - 223yn+2 )]

3
*
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4. Relations among the Solutions: @ 24y, =63X,.,+3Y,.,
n+ n+ n+

9X”+3 - _9Xn+1 +144Xn+2 @ 24yn+3 = 1008Xn+2 + 24yn+l
* 9y, =-24X.,+3X,,, o 3x.,=24x_, +9y

* gyn+2 B _3X n+1+24xn+2 @ 3yn+3 = 63Xn+2 + 24yn+2

. 9y,.; =—24x,,, +381x,, @ 24X ., =3X, ., +9Y, .4
@ 144y . =-381X,, +3X, .4 « 38ly, ., =63x,,+24y
"o n+2 — n+ n+1
144yn+3 = 3 n+1 + 381X o< 3yn+l = —1008Xn+3 + 381yn+3
R 24Xn+3: 24Xn+l +144yn+2

s 3y, =—63X ., +24y, .

n+3

63Xn-*—l = 3yn+2 - 24'yn+1 o gy — 144y _ gy
M n+3 — n+2 n+1

+ 24y, =63X,, +38ly,., 3. REMARKABLE OBSERVATION
+ 1008x,, =3y,,; —381y, , . Employing linear combinations among the solutions of (1),
one may generate integer solutions for other choices of
24X, =381X,,, +9Y, 4 hyperbolas which are presented in the table 2 below.
Table 2: Hyperbolas
S. No (X,Y) Hyperbola
L | (Ko =18%,,,37%,1 = 2X,.,) Y2 _7X? =324
2 (X,,5 —223X,,,,295X,; — X,.5) 4Y? —7X? =82944
3 | (Yoo =37%0249%, = V2 a2 —7X? =2304
4 | (Yois =590, 561X, —2Y,,3) Y? —7X? =580644
5 | (7Yau = Xn2: X2 =37Y0) Y2 —28X?2 = 2304
6 | 14y, —37%,,,.98%,,, ~37Y,.,) Y2 _7X2 =36
7| 4y, —590x,,,1561X,., ~37Y,.5) | YZ—7X? =2304
8 | (228Y,,, —2X,5,7%,,3 =590y, Y? _7X? =580644
9 | (223y,,, —37%,.5.98%,.5 —590Y,,,) | YZ-7X? =2304
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10 | (223y,,; —590x,,5,1561x,,5 —590y, ;) | Y2 —7X? =36

11| (14x,,, —223x,,,,590X,,, —37X,.5) Y2 _7X2 =324

12 (37yn+1 2Yi2) Yoo —14Y,) 7Y% - X?=2268

13| (295Y,4 = Yoiss Yoes —223Y,.) 36288Y 2 —20736X ? = 3009871872
14 | (590Y,,, —37Y,5.14Y,.5 —223y,,) | 7Y? - X2 =2268

I1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas
which are presented in the table 3 below.

Table 3: Parabolas

S.No (X,Y) Parabola
U | (Ko =14%,,37 %00 = 2%5,,4) 7X? =9Y —162
2| (Xois —223%,,1,295%0,, = Xon,s) 7X? = 288Y — 41472
3 | (Yoo =37%0:0,:49%05 = Yonus) 7X? = 48Y ~1152
4| (Yois —590%,,1 1561%,,,, = 2Y5,.4) 7X? =381Y — 290322
5 | (7Yaa = Xai2: T Xonis =37Yon0) 7X?2 =6Y — 288
6 | (14Y,,, —37%,,5:98%,5 —37Ys0.3) 7X2 =3v 18
7| (14y,.5 —590%,,, 156105 —=37Y50,s) | 7X2 =24Y —1152
8 | (223y,; —2X,3,%on.4 —590Y,,.,) 7X? = 381Y — 290322
9 | (223y,,, —37%,,5.98%,.4 —590Y,,,5) | 7X2 =24Y —1152
10 | (223y,,; —590X,,5,1561x,,,, —590Y,,..) | 7X2? =3y —18
1 (14x, 5 —223x,,,,590X,,.; —37X,,., ) 7X2 —9Y —162
12| 87Yn1 =2Yni2r Yonis —14Y0.2) X ? =63y —1134
13| (295Y,1 = Yoiss Yonia —223Y5,.2) X 2 = 252Y — 72576
14| (590Y,,; —37Y0514Yo0s —223Y50,3) | X2 =63Y —1134

lll. Consider mM=X,,+Y,,,N=X,, Observe that Pythagorean triangle T(a,ﬁ, }/),

m > n > 0.Treat
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m,Nnas the generators of the

a=2mn,B=m’-n®y=m®+n?
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Then the following interesting relations are observed:
> 2a-T0+5 =24

> 9a—2y—%:24

2A
> ? = XpaYnu

4. CONCLUSION

In this paper, we have presented infinitely many integer
solutions for the hyperbola represented by the negative Pell

equation y2=7x2 —12. As the binary quadratic

Diophantine equations are rich in variety, one may search for
the other choices of negative Pell equations and determine their
integer solutions along with suitable properties.
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